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Let fe C[ —1, 1] be real-valued. We consider the Lipschitz constants L,(f) of the
operators of best uniform polynomial approximation of degree n, ne N. It is proved
that lim sup, .y L,(f) = oo, whenever f is not a polynomial. ~ © 2000 Academic Press

1. STATEMENT OF THE RESULT AND NOTATIONS

Let C[ —1, 1] denote the set of all real-valued continuous functions on
[—1,1]and let fe C[ —1, 1] be given. We denote by ¢}(f), ne N, its best
uniform approximation in the set P, of algebraic polynomials of degree at
most ne N:

e,=e,(f):=1/—a(/)l 1=£lli}r} If =gl :=min { max |f(x)—q(x)I}.

qeP, xe[—-1,1]

n

By a result of Freud the operator of best polynomial approximation
q¥:C[—1,1] - P, is pointwise Lipschitz continuous:

THEOREM A (Freud [4] or [3], p. 80). For each neN there exists a
constant L,(f) < oo such that

g3 (/) —ai( @I <L () If—gl., forall geC[—1,1]. (1)
DerFINITION.  For each ne N we call the smallest constant L,(f) such
that (1) holds the Lipschitz constant of ¢;f at f.

If fis a polynomial it is known that the sequence (L,(f)), is bounded
([6], p-86). As the main result of this paper we shall prove the following
conjecture of Henry and Roulier ([6]):
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UNBOUNDEDNESS OF LIPSCHITZ CONSTANTS 111

THEOREM 1. [If fis not a polynomial, then we have

lim sup L,(f)= co.

We note that our proof will not provide any concrete estimate for L,( f).

In what follows we will assume that fe C[ —1, 1] is not a polynomial,
and thus e, =e¢,(f) >0 for all ne N,. To prove Theorem 1 let

E,=E,(f):={xe[-L11:1/(x)—qi(fx)=e,}, neN,
and
a,(X) =0,(f, x) :=sign(f(x) —¢,;(f,x)),  neN,.
We decompose the set E, into sign components E, =7, E/,

El<E2<...<E?”, ie, x<y forall xeE/, yeE/*!,

such that o,(x) is constant on each E/, 1 < j<m, and m=m(n)=m(f, n)
is minimal. The Lipschitz constant L,(f) can be estimated in terms of E,
and a,(x).

THEOREM 2. Let p € P, be a polynomial satisfying

—I<maxog,(x) p(x)<1, for all 1< j<m(n).
£,

Then we have

L,(f)=lpll/2.

Proof of Theorem 2. 1. For every given o >0 there exists some ¢ >0
such that for U,(E,) :={xe[—1, 1] :dist(x, E,) <&} we have

min | f(x) —q;(f, x)| =e,/2

e\n

and

max a,(x) p(x) <1+
U.(E,)

e\n

It follows that

UJ(E)) nU(E¥) =, forall 1< j#k<m(n).
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For some ¢ >0 we get
|f(x)_q;tk(f; X)|<€n—6, for all Xe[—l, 1]\U8(En)

We choose 4 such that 0<A<1/2min{d/||p|,e,/lpl,e,/(1+a)} and
obtain

|f(xX) =g (f,x) +ip(x)|<e,,  forall xe[—1,11\UJ(E,),
and
| f(x)—=qX(f, x)+ip(x)| <e,+ (1 +a) 4, forall xe UyE,).
Further, for each 1 < j<m(n), there exists some x; € E/ such that
Lf(x)) =4 (fs X)) + 4p(x))| = e, — 4,
and
sign(f(x;) =g (f; x;) + 4p(x;)) = 0, | 1.

Thus, for each 1< j<m(n), there exists some open non-void interval
I, « U(E}) such that

e, +(L+o)A=|f(x)—qX(f, x)+p(x)| =e,— (1 +a)4, forall xel,
and
sign(f(x) —qy(f, x) +4p(x))=0,|g,  forall xel;.

2. To define a suitable function g = g(n, ) e C[ —1, 1] in (1) we put

m(n)

g(x) 1= f(x), forall xe[—1, 1]\ U 7.

If I;=(a, b) and ¢ :=(a+ b)/2, we define g on I; by:
gla):= fla), g(b):=7(b), glc)—q;(f c)+ip(c):=(e,+(1+a)A)0,|x,

and g —¢X(f)+ Ap is linear in [a, ¢] and [¢, b].
The function g — ¢;5(f) + Ap thus has the structure of an error function
of best polynomial approximation of degree n, and we obtain

qx(g)=qx(f)—Ip.

By our construction we have

If =gl <2(1+a)a
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and

Ipl
2(1+a)

lgx(f)—ax (@l =2lpl= Lf—el.

which implies L,(f) > | pll/2(1 +a). Since o >0 was arbitrary, Theorem 2
is proved.

Thus, to prove our main result, it will be sufficient to find polynomials
p=p,eP,, neN, satisfying the side condition of Theorem 2 such that
|p, | becomes unbounded, as n increases.

We note that for each n, where ¢;*(f)# ¢ ,(f), we have m(n) =n+2.
Since f is not a polynomial, there exists a subsequence L of N such that
m(n)=n+ 2, ne L. In what follows we will only consider the subsequence
L. For convenience, we assume that n>4 for all ne L.

For every ne L let

&=¢;(n) :==min E} and n;=n;(n) :=max E;, 1<j<n+2,

denote the left and right end points of the sign components E}, ..., E**2
Since they will always appear in connection with some ne L, we will
usually avoid an index n and just write &, ..., &, . » and 7, ..., 1,4 »-

For ne L we consider two types of problems:

Problem A(n, k, y). LetnelL, ke{l,.,n+2} and y e E* be fixed.
Determine p* e P, such that

—a.(y) PE(») is maximal
subject to the condition that

max g,(x) pX(x) < 1.

xekE,
By ([2], Lemma 1), each problem A(n, k, y) has a unique solution p* that
does not depend on ye EX. Further, there exists a corresponding set of
n+ 1 active points X%={x,: 1 <j<n+2, j#k} such that
x,€E], forall 1<j<n+2, j#k,

and

) p(x;) =rr‘1€2}x a.(x) pE(x) =1, forall 1<j<n+2, j#k.
! (2)
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A solution of A(n, k, y) will in general not satisfy the side condition of
Theorem 2. Therefore, we will mainly consider the

Problem B(n, k). Let neL, ke{l,..,n+1} and y:=(n,+ &, 1)/2 be
fixed.
Determine p* e P, such that

— 0, gk () is maximal
subject to the condition that

—1<maxg,(x) pX(x) <1, forall 1<j<n+2.
E]

n

By a simple compactness argument, each problem B(n, k) has a solution
pre P,. We will leave aside the question of uniqueness and merely choose
a solution p* for each ne L and 1<k <n+1.

Looking at a suitable interpolating polynomial p € P,:

P(&)=p(Cri1)=—0,lgt, and  p(l)=0,|gt or p(—1)=0,|gk,
we easily get that the optimal value of B(n, k) satisfies
—0, gt ph(y)>1,  forall 1<k<n+1, nelL.

Moreover, for the solution p* of B(n, k) there exists a corresponding set
X% of n+1 active points:

THEOREM 3. Let p* be a solution of B(n, k), ne L, 1 <k<n+1. Then
there exists some index j, = ji(n)€ {1, ..,n+2} such that for I, =I(n):=
{1, ..., n+2}\{ji} the following assertions hold:

(a) For each je I, there exists some x; € E}, such that

0,(x;) ph(x;) =max o,(x) p(x)e{—1,1}.
E),
(b) We have {k,k+1} cI and x,, =&, Xp o1 =Cp iy
(c) If we renumber the set X% :={x,, jel,} ={x\<--- <xj, .} by
consecutive indices, then

! !

P];(xj) = —p];(x]+ 1), whenever (x}, x}+1) # (Xpe> X1 1) = (Sher i 1)

and for y=(n;+Cr41)/2

P

P];(Qk) = Pﬁ(5k+ )= Sign(pl,:(y)) = —0,|gk.

n
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Proof of Theorem 3. Let p* be a solution of B(n, k). We define

I'={1<j<n+2:maxoa,(x) phx)e{—1,1}},
E,

and choose x; € E, je 1, such that

7,(x,) PA(x)) = max o,(x) p(x).

n

We introduce an additional index k, :=k -+ 1/2 corresponding to the point
V= (nx+&,41)/2 and define a sign function ¢ on the set /U {k,} by
o(j) :=sign(p(x))),  JjeL,
a(k,) = —sign(px(»)).

Next, we decompose /U {k,} into sign components Ju {k,} = )7 I/

I'< ... <™

such that ¢ is constant on each I and m is minimal.
If we assume that m <n+ 1, then there exists a polynomial p € P,, such
that

sign(p(x)) = sign(ph(x;)) forall xeE/, jel,
and
sign(p(y)) = —sign(pi(y)).

For some suitable A>0 the polynomial p*—/ipe P, satisfies the side
conditions of B(n, k) and has |p*(y)—2p(y)| >|pX(y)|, which yields a
contradiction.

It follows that m > n + 2. Hence, we may choose a subset { y; < -+- <y, 1}
< {x;, jel} such that

Pay)=—Dpa(yii1) whenever  y ¢ (y;, y;41),
Pay) =puy ) =sign(pi(») = —a,lgt, i ye(y, yi0).

If we assume that y <y, then we must have k=1 and y, € E2. Further,
there must be n zeros of p} in (y;, ¥,,1), and therefore all local extrema
of plare in (yy. v, ). Since ming: [ph(x)| <1, [ph(»)] > 1 and [pi(r)| =1,
there must be a local extremum in (&,, y;) and we obtain a contradiction.
It follows in the same way that y> y, + 1 can not hold.
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Therefore, there exists a subinterval (y;, y;, ;) containing the point y. In
each of the n—1 subintervals where y ¢(y;, y;,,) there must be a zero of
p¥ and it is not difficult to see that there are no further zeros in (3, Y, 1)-
In case p* has exact degree n, there is one additional zero in R\(yy, ¥, ).

Between each pair of consecutive zeros there is exactly one local
extremum of p* and besides these there are no further local extrema.

Now, let (y;, ;1) be the subinterval such that y e (y;, ;). It follows
that ps has no zero in [y;, y;,,] and that pi(y;) =sign(pi(y)) = —0,|z*
= pX( ¥;+1)- Hence, there is exactly one local extremum in (y;, y;, ). Since
min g« | pk|, min g1 | pk| <1, this implies that y; € E% and y;,, e Ex*"', and
thus

o 3) Pily)) =max a,(x) pilx) = 1

n

and

On( V1) Py1) = Max 0,(x) p(x) = 1.

n

From here, it is easy to see that y;, =&z, .

If we assume that &, <y;eE% then, since o,(¢;) ph(&) < —1 and
a.(y;) p’,f(yj) = —1, there must be at least two local extrema in [&y, y;, 1]
and therefore at least one zero in [y, y;,1], and thus in [&g, y;]. This
implies that there are at least two zeros in [ &, y;], which yields a contra-
diction to the position of the zeros of p* derived above.

Choosing X} := yy, ., X o1 =y, and defining I, = {1, ., n+ 2} \{j}
by {x,, je I} :={x}, .., x,,; 1}, Theorem 3 is proved.

We introduce some notations and collect some simple properties for the
solutions p% and X%={x;, jel,} of a given problem B(n k), nelL,
I1<k<n+1.

(a) In what follows we will use both notations X% = {x;, je I} and
Xt={x|<--- <x), .} for the solution of B(n, k).

For the sake of simplicity we shall usually avoid an index »n for I, = I,(n)

and j, = ji(n) as well as n or k for the points x,= x;(n, k), x}=xj(n, k) € X%.

(b) Let x,=x;€E,c[¢;,n], where 1<v<n+1. Then we put
&, :=¢; and ), :=n;, ie, x, €[&,,n,]. We note that j=v if j< j,, and
j=v+1ifj>j,.
Again, we will usually avoid indices n or k for the points &, = ¢ (n, k)
and 77, =#(n, k), 1 <v<n+1.
Further, let k' =k'(n, k) be defined by xj. =x,=¢&,. We get K'=k—1
or k' =k.
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(c) With these notations, the following properties of a solution p*
and the corresponding active sets I, Xx={x,, jel,} ={x{ < - <x) .}
may easily be derived from Theorem 3:

The polynomial p* has exactly n—1 zeros {;, .., {15 (ppts o & in
(x}, x,,1), where exactly one zero is in every subinterval (x},x}, ),
1 < j<n, except for the subinterval (X}, Xp 4 1) = (Xp, Xk 1) = (Ex» 1)

X< <Xp< oo <L <X =X = <Cpyn
Chr1 =Xp 1 =1 X 1 <l g1 < -+ <X, < <X 41

In case p* has exact degree n, there exists one additional zero (, € R\
[x}, X, 41]. We shall avoid an index n or k for the zeros {;={;(n, k).

(d) Further, we may divide 7, into at most three blocks of consecutive
indices such that the value of maxg; a,(x) p¥(x) is constant for j in each of
the blocks. If, for example, j, <k then we have

max 7,(x) pX(x)=1, forall 1<j<jg,
E),

max o,(x) pX(x)=—1, forall j,<j<k,
E,

max o,(x) pX(x)=1, forall k+1<j<n+2.
P

2. PROOF OF THEOREM 1

We assume that (L,(f)), is bounded. By Theorem 2 this implies that for
some constant M < oo, not depending on n e L, we have

Ipl <M (3)
and thus, by the Bernstein inequality ([ 8], p. 118),

n
PIS—E M, xe[-L 1], (4)
— X

for any polynomial p € P,, ne L, satisfying the side condition

—l<maxg,(x) p(x)<1, forall 1<j<n+2
E,

In particular, (3) and (4) hold for the solution p* of any of the problems
B(n, k), nel, 1<k<n+1.
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Our proof turns out to be elementary but quite technical. Therefore it is
split into several lemmas, which are valid under the assumption that (3)
holds and which will finally lead to a contradiction.

Throughout the proof, C and D are used to denote absolute positive
constants that may depend only on the constant M in (3). We note that the
symbols C, D used in different lines of the proof may have different values.

In a first step we control the distances between the various points
induced by the sets £/ and the problems B(n, k). To this aim we introduce
“standard distances” d,(j, v) that behave approximately like |cos(jr/n)—
cos(vm/n)| for j#v.

LEmMA 1. For each neN let

min{jn+3—j .
d(j):= {]Zz B i<jent2

and — d,(j,v)=d,(v, j)= ) d(]), 1<j<v<n+2.

I=j

Then there exist constants C,, D, >0, not depending onne L or 1 <k<n+1,
such that the following statements hold.
Let p% and X% ={x;, je I} ={x} < -+ <X}, 1} be a solution of B(n, k)
and {1y vy (o —15 S 15 oo C denote the zeros of p% in [ XY, Xl 1]
Further, let

Y, =Y(n k):={x;,&,n;, x5, En, (Y, forall 1< j<n+2,

where each of the points x;, x;, &, n;, {; occurs only if it is defined in connec-
tion with p*, X*.

(a) Forall 1<jv<n+2andall y;eY,;andy,ecY, we have
|y;= I < Cydy(j, ).

(b) Forall 1<jv<n+2andall y;eY,;andy,ecY, we have
|y;— yu| =Dy d,(j,v),

whenever there exists a point xe X* and a zero (e[ —1,1] of p* both
between y; and y,.
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Proof of Lemma 1. Let u denote the arcsine distribution of [ —1, 1],
1e.,

du(x) =——, xe[—-1,1].

1. For every ne L we consider the partitions &y := —1, &;, ..., &, 40,
¢,43:=1 induced by the left end-points of E., .., E”*2. We show that
there exists some C >0, not depending on n e L, such that

C
ﬂ([fj,éj+1])<;, forall 0<j<n+2.

If not, we may find closed intervals, say J, <[ —1,1], ne L, such that
E\J, # & for all 1 <v<n+2, and lim sup,,., nu(J,) = oo.

Then, by a slight modification of the proof of ([1], Theorem 6), there
exist polynomials ¢, € P, such that ¢,(x)+#0 for xeJ, and

liminf( sup  [g,(x)])/I¢.] =
nel  xe[—1,1]\J,
It is easy to see that this contradicts our principal assumption (3).

2. Let p* and X* be a solution of B(n, k), neL, 1<k<n+1. It
follows by (4) that there exists some D >0, not depending on nelL or
1<k<n+1, such that for all xe X* and each zero {e[—1, 1] of p* we
have

a([min(g, x), max((, x)]) =

s |

3. Forevery nelL and 1 <k<n+1 we recall the interlacing proper-
ties of the end points of E,, .., E#*? and the points x;, {; induced by the
solution of B(n, k).

Lety;eY,, y,€Y,, where y,=cos(¢,) < y,=cos(¢,) and ¢;, ¢, [0, n].
By the first part it is easy to see that for some C> 0, not depending on
1<j,v<n+2ornel, we have

vy —jl+1
Ly p )< CE—2,

and thus for some C>0

byl <AL
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In the same way it follows that

. .
m—gl<CL, 1,0l <c”+n—1,

3_
- l<Cl g —0]<coTY
n

Suppose that there exist x € X% and a zero { of p% such that y,<x, {<y,.
Then, by the second part, there exists some D >0, not depending on j, v
or ne L such that

i+
MD@%D>DB—%ia
v n+3—j
Therefore, we have for some D >0
9—¢1>p AL
n
n+3—j

vV
n=¢,|=D . 14;=0[=D

The estimates stated in Lemma 1 now follow by elementary but somewhat
lengthy calculations from

.
o=l =| [ sty ar.
J

The following Lemma 2 provides some general estimates on sums of the
d,(j, v) introduced in Lemma 1.

LemMa 2.  There exist Cy, D, >0 not dependingonn=2or 1 <j,I<n+2
such that

n+2 d
(@) Dalogm< 3 dﬂ;ﬁ.’”lﬁczlog(n),
v#EJ
"2 )
(b) X < Catostn

v#J
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n+1 d(V)
v— 2\/d Lv)yd,(v,n+2)

(c)

<C2>

"2 d(v)? "Erd(v) dy())
d , , <Gy,
@ L 2 L G <
V£ v#EJ

d
(e) ) >D,log(j—1)— C,.

I<v<j n( )

Proof of Lemma 2. The proofs of parts (a), (b), (c), (d) are given in
([5], Lemma 2). Part (e) follows similarly to part (a).

We show that for the solutions X% = {x;, jel,} of B(n, k) the products
]_[jelk’j#k |x; — x;| become uniformly small, as n e L increases.

LEMMA 3. There exist constants 6 >0 and C5> 0, not depending on ne L
or 3<k <n, such that for the solution X% ={x;, je I} ={x\ < --- <x}, .1}
of B(n, k) we have

nl Cy|xp—Xpq| 1
n |xk_x‘|=n | — x|\ 3k kil
jer, 4 Pl n®  d(k)?> 2"
jrk jEK

Proof of Lemma 3. The solution p* of B(n, k) has exactly n—1 zeros
Ciswo Gty Cprts oo § 10 [ XY, X7, 1] Which are ordered in the following
way

Xp <@ <xh< o <1 <X =X = <Cpyn

— — v/ ! i
Crr1=Xpr1=Xp 41 <Cpi1 < <X, < <Xpy1-

In case p* has exact degree n, there is one additional zero { ¢ [ X}, X, ].

1. We show that for some C >0, not depending on ne L or 3<k <n,
we have

1
|(xk7x,l)(x n+l | l__[ |xk C|\C*

j=1
J#K
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For the sake of shortness we give the computation only for the case that
¥ has exact degree n. In case p* has exact degree n— 1, we just have to
leave out the terms appearing in { --- }. If p&(x) =a*x"+ ..., a* #0, then
the monic polynomial

k,
gx) =) p

antx —Coy
has alternating signs at the n points x; of X*\{x,} and absolute value

) = !
XN e = 0ol 7 15 {1Go + 1)

It follows from extremal properties of the Chebyshev polynomials ([ 3], p. 77)
that

1 1
<
la,l {18l +1} " 272

and, therefore,

n
[(2cp — X)) (X — x4 1) n |xk_Cj|
j=1

K

) , , | (0]
= loe =)= )| e ey

1
laul {1xe—=Col}

!

=[x — X1 (X — X0, 1)

R I ALSA NS
<l =)= )
k50

<cL
< 2n’

for some C>0 which, in particular, does not depend on the position of

o ¢ [Xh X541 ]-
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2. We estimate

{1_1 |xk—x;|}{]f[1 |xk—c,-|}_l

JEK JEK
_ X — Xk D I PO
[(xe — S — 1) (X — L 1) j=2 |xk_Cj—1|j=k'+2 |xk_Cj|
_ |2 — Xpe 11| k11<1_ |X}CJ‘—1|>
[(xp — o~ 1) (X — L4 j=2 |xk—Cj_1|
n Y. —¢.
T 1ok,
j=Kk +2 |xk_Cj|
By Lemma 1 we have
X% — Xpe 1] | X% — Xg 1] <|xk_xk+l|

< ’ ’ = .
|6k =o)Xk —= )|~ DYk, K —1) dy(k, K +1) = Did,(k)?

Further, Lemma 1 and Lemma 2(a) yield that

(-l (e

j=2 xk_Cj—ll Jj=k'+2 |xk_Cj|
kK —1 n

cop {3 bl L ¢ bizdl)

j=2 |xk_£j—1| j:k'+2|xk_£j|

Dl k,_ldn(j’j_l) - dn(.])
S exp {cl <,§ k) 2k j)>}

<

for some suitable C, d >0, not depending on ne L or 3 <k <n.

3. Putting part one and part two together, we obtain that

nl Clxp—xp,1] 1
k k+1
X, — X | <= —
M emsl< =
J#k

for some C=: C;>0, and Lemma 3 is proved.

Next, we consider a sequence of sign components E*, where k =k(n),

ne L. We provide a sufficient condition to control the distances of E* to
E*=!and EX*! from below, as ne L increases.
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LeEMMA 4. There exists some D, >0 with the following property:
Let k=k(n)€ {3, ..,n}, ne L, be a sequence of indices such that for every
e>0

n+2
liminfn?2"d,(k)* ] [&—¢;1>0.
nel P
a2

Then we have

Ik —Mi—11s [Skq1 —1i| > Dad,(k), Jorall k=k(n), nelL.

Proof of Lemma 4. For neL and k=k(n) let us now denote by p*
the solution of A(n, k, &), and by Xk={x;€E]:1<j<n+2, j#k} the
corresponding set of active points:

0,(x;) ph(x;) =max ,(x) pi(x)=1, forall 1<j<n+2, j#k

J E/n
We avoid an index n or k = k(n) for the x;= x;(n, k) e Xk

From the properties (2) of the solution of a problem A(n, k, y) it is not
difficult to see that

Pultle—1) = P(Cxin) = —0, EF>
and
lpy(x)1=1,  forall xe[nm_i, &l
1. We first show that lim, ., ||p*™ | = o0
Assume that ||p¥|, k=k(n), ne L', remains bounded for a subsequence

L' of L. Then, ([5], Lemma 3) yields that for some J, C >0 not depending
on ne L’ we must have

n+2 C 1 1 ,
ljl IEr— |<?d ek forall nelL'
|j—k|=2

We note that the boundedness of ||pX|, k=k(n), neL’, together with
Lemma 1 is sufficient to prove this relation, although ([5], Lemma 3) is
stated under the assumption that the solutions of all possible problems
A(n, j, y) remain uniformly bounded.
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On the other hand, since [, —x;| = [{,— &, | for j<k—3, we have

n+2 k—2 n+2
T 1e—x1=T1 1E—x1 ] 1&—=¢l
j=1 j=1 j=k+2
|lj—kl=2
k—2 n+2
> & — X o] n|ék_£j| n |fk_éj|
j=2 j=k+2
[k — Xi_o| nE?
> |] |&—=¢l
|ék_él| j=1
|j—kl=2
[ — X nE? &
242 l_[ 1 — &1
j=1
lj—kl=2

We assumed that |p*|, k=k(n), neL’, is bounded, and we have
|p(xk_2) — p¥(xr_1)| =2. The Bernstein inequality thus yields that for
some D >0

D
n

MIXk—2s Xp1])=2—,  forall k=k(n), nel

where u denotes the arcsine distribution of [ —1, 1]. By the arguments of
Lemma 1 we therefore get that for some D > 0, not depending on ne L', we
have

Ik — Xi—2| 2 |Xk_1— X2 | = Dd,(k),

and thus
n+2 an(k) n+2
II |ék“xy|> II |Ck“€ﬂ~
j=1 j=1
lj =kl >2 lj =kl >2

Choosing ¢ =0/2 in the assumption of Lemma 4, we obtain a contradiction.

2. If we put

m, ;= min Ip(x)|,  forall k=k(n), nel,

n

then m,>1 and the polynomial p*/m, satisfies the side condition of
Theorem 2:

K
—1<maxmon(x)<l, forall 1<j<n+2.
E, m,
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It follows by (3) that

15

n

<M, forall nel,

and the first part implies that lim, ., m, = co.
By the Bernstein-inequality (4) we have

< M, forall xe[—1,1].

Since | py(E)l/my, | pa(m)l/m, =1 and | py(ne_1)l/m, = |py(Eisr)l/m, =
1/m,, tend to zero, there exists some D >0 such that

D
w15 Sed)s s> Sa11) 2?, forall k=k(n), nelL.

By the arguments of Lemma 1, we finally get that for some D,>0
ISk =tk —1ls [Sk1 —mil > Dy d,(k),  forall k=k(n), nelL.

Next, we will prepare the construction of a special sequence of indices
fulfilling the assumptions of Lemma 4. It will be finally given in Lemma 8.

In Lemmas 5, 6, and 7 we consider the solutions X} ={x,,jel,} =
{x}{< -+ <xj .1} of the special problems B(n, 1), ne L. We note that, by
Theorem 3, x,=x,=¢, and x,=x,=¢, for all ne L.

First, we show that most of the products ’v’;“i vy XL < j<n+1,
do not become too small for our solution X!, as ne L increases.

LEMMA 5. Suppose that e>0. For the solutions X,={x;, jel,}=
{xi< - <xp.1} of B(n, 1), neL, let a,(¢) denote the number of indices
3<j<n+1 such that

n+1 1 1 1
<.
H=xl<eg G
v#EJ
Then we have
lim &%) _ g

nelL N
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Proof of Lemma 5. Suppose that there exists some a>0 and a sub-
sequence L' of L such that

>a forall nel'.

For some C= C(a)>0 we have that for all sufficiently large ne L
1/d,(j) < Cn, forall an/d<j<(n+2)—an/4.

It follows that among the indices an/4 < j<(n+1)—an/4 there exist at
least an/4 indices j such that

n+1 C 1

[T Ixj—x,I<=n 7 for all sufficiently large nel’.
v=1 h

vV#E]

If a), denotes the leading coefficient of p), then the sign structure of p)(x}),
1<j<n+1:

Pu(X1)=p,(x3) and  pu(x))=—p,(xj1),  2<j<n,

and the Lagrange interpolation formula yield that

n+1 1
1
|Cln|: n+1 ' ’ + Z n+1 ! ’ :
v=1,v#1 |x1_xv| j=2 v=1,v#j |xj_xv|
Since
n+1 n+1
[T i —xil> TT b=,
v=1 v=1
v#1 v#E2
we get for all sufficiently large ne L’
n+1 1 &
an ln a
1 n enn
lay| = Y ) >———2">—pn2"
=3 ’jzl,v#j|x]’-—x’v| 4 Cn 4C
It follows that
s el —— > pe. for all sufficiently I L
Han/IanIF/%n, or all sufficiently large nel’,

becomes unbounded for n € L', which contradicts our principal assumption
(3). Hence, Lemma 5 is proved.

The proof of Lemma 5 yields that p has exact degree n for all ne L.
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For X!={x| < --- <x],,1} we now compare the products

n+1 n+1

T Ix—xl to the products [T Ix—=¢&,l

v=1 v=1

v—jl>2 v—jl1>2

We recall that &, =¢'(n, 1) denotes the left end point of the sign compo-
nent of E, that contains x|, 1<v<n+1. In geometric average over
3<j<n—1 the first product is no larger than the second multiplied by a
constant factor, as n e L increases:

LEMMA 6. Let X, ={x;, jel,} ={x}<--- <x),,,} be the solution of
B(n, 1), ne L. Then there exists a constant C¢> 0, not depending on ne L,

such that
n—1 n+1 n+1 —1\ 1/n
(H{ I |x,'-—x;|}{ I |x}—f;|} > <C,.

j=3 v=1 v=1
v—jl=2 v—jl=2
Proof of Lemma 6. 1. For the solutions X!={x|<--- <x), .} of
B(n, 1), ne L, we put

B,=pBn):=|x,—¢&|, forall 1<v<n+l.

Lemma 1 yields f,<C,d,(v) forallnel, 1<v<n+1.
Then, for every ne L and 3 < j<n—1, we have

n+1 n+1 —1
{ 1 |x}—x;|}{ 1 |x}-—é;|}

v=1 v=1
v—jl=2 v—jl=2

ji—2 1= n+1 1 gt
ST(-2=2) T (=)
y=1 |xj_év| v=j+2 |x]_év|
j—2 ﬁ n+1 ﬁ
<6XP{— Tt ,v,}
Z |xj_év| v=j+2|xj_év|

v=1

(3)

2. Since |p,(x1)| = p,(x2)| =1 <|py(»)l, y= (1, +&,)/2, there must
be a local extremum of p! in (x}, x5 ). Therefore, we obtain that the zeros
o> {2y s C,, Of pl are arranged in the following way:

(ri=lo<xi<xy<{o<xs< oo <x, <, <Xpiq-

For convenience of notation we put {, :={,.
The crucial step of the proof will be to replace the sums occuring in the
exponential term (5) by sums involving the zeros (;.
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There exists some C >0, not depending on ne L or 3<j<n—1, such
that the following estimates hold

P

vllx_él vle

Z ﬁv _ z ﬂv

R T A ol

We give the computation only for the first difference. By Lemma 1 we have

IS ﬂV __j71 ﬁv
Li-al LT

S

< B Bi—1 +j_2ﬂv(IX’v—fL|+IX}—CjI)
[x;— &Y IC Xl 2, 1= —x))]
L Gid() | Cdj-1) | G5 2d

5 (v) +du()))
\Dl dn(]’l) Dldn(]’ l D%v 2 ]’ )dn(]a ) .

Lemma 2(d) yields that the difference may be estimated by some C >0

3. Replacing the sums in (5) according to the second part of the

proof we get

n—1 n+1 n+1 —1
H{ 1 |x;—x;|}{ il |x;—é;|}
j=3 v=1

v=1
lv—jl=2 lv—jl=2

Sexp{2Cn— +nzl< jil 'Bv, + i b >}

=3 v= 2|Cj_xv| v:j+1|Cj_x;|
Further, we have x,—{;<0, v<j, and X/

,—(;>0, v>j. For the sum
occuring in the exponential term above we therefore get

5 _jil ﬁ" : ﬂv >‘
j§3 < ng 16— x5 +v:§+l & — x4 |

v—1

“Y By

v=4 Jj= 3|

ﬁ < nil 1 vil 1 >
v ; + 7
j=v+1xv—Cj 7 xv_Cj

i—13

n—1

j= qux _C|

n—2
<X
v=4

3 n—1

iy gy +Zﬂvil !

v=2  j=v+1 lx, =&, 51X _C|
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Lemma | and Lemma 2(b) yield that

nil<—jil By +i ﬁv,>‘

j=3 v=2|€j7x;| v=j+1 |§j7xv|

niz nil 1 vil 1
<TIB(Y 7T )
v=4 j=v+1 _gj j*3xV—Cj

) nvld
Dlvz D

2 j=v+1 ])anj3 (V])
<Z/>’
v=4

<]n§:+11x —¢; g ,>

Since |x,— ;| =|x,—{,| and by Lemma 1 and Lemma 2(a), we get

:g(_jzlwfvx;ﬁi - >‘

v=2 v=j+1 |Cl_x,"|

G
+4— C, log(n).
D, ?

hrs
n—2 1 1 1 1
tL ﬁ“<|x;—zn|+| " * )

v=4 xv_Cv| |xlv_C2| |X§,—é,1|

e 1
< N -
v§4 ﬂ jgl xV—C]
C, =2 1 1 | 1
*p, L, ) (d,,(v n a0 dw ) T 2)>

+% (Cylog(n) + (n—15)+ Cylog(n) + C,log(n) +4C, log(n))

+ Cn,

j=1"v Cj

for some C>0, not depending on ne L.
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Since |pl(x,)| =1, we can now estimate the remaining sum by (4) and
Lemma 2(c)

n—1

Mn
—(x})?

)((vv) Z g Mn__

Mn <"—2 d.(v) >< o
Dy \,Z, Jd,(v.n+2)d,(v. 1))

Zﬁ

=1 v

<C —
for some C >0, not depending on ne L.
This implies the estimate of Lemma 6 with some suitable constant Cg.
Lemma 6 yields
LEmMMA 7. Suppose that &> 0. For the solutions X, ={x;, jel,} ={x}

<+ <Xp41} of B(n,1), neL, let b,(¢) denote the number of indices
3<j<n—1 such that

n+1 n+1
o x-alzr 11 l-x
-1 -1
|V1jl>2 |Vij|>2
Then we have
.. b.e
11m1nf£>0.
nel

Proof of Lemma 7. For every ne L there exist at least n—3 —b,(¢)
indices 3 < j<n—1 such that

n+1 n+1
[T Ix=x=zn" ] |x-Sl
=1 =1

|v1j|>2 |v1j|>2

Since |x;— x| >|x;— ¢, | for all v= j+2 and |x;—x,_| > |x;—¢,| for all
v< j—2, we obtain that with some D >0

n+1 j—2 n+1

[T Ix=xt=11 Ixj=x0 [] Ix=¢&l
| v=_|1>2 v=1 v=j+2
v—jl=

n+1

j—2
>l—x ol T &l 11 -l
v=2

v=j+2
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b= x| "

e |

S e
v—jl=2

D1 ) n+1

Sl Tl Ix=ail

forallmeL and all 3<j<n—1.
Using these two estimates and Lemma 6 we get

n—1 n+1 n+1 —1\ 1/n
Q>II({II MkaH:[II#—a& )

j=3 y=1 v=1
lv—jl=2 v—jl=2

D\ bate)n
2> , forall nelL,

> (ns)(n—3—bn(s))/n <
n

which leads to a contradiction if we assume that lim inf
Hence, Lemma 7 is proved.

n eL(bn(E)/n) = 0
Next, we define a special sequence of indices k* =k*(n), ne L.

DEerFINITION.  For ne L we choose k* =k*(n) € {3, .., n} such that

n+2 n+2
Gk 1] Ke=&l= max d()* [ 15-¢l (6
v=1 <Jsn v=1
[v—k*| =2 v—jl=2

where, for every nelL, the &, .., &, , denote the left end points of
El .. E"+2,
LEMMA 8. Let k*=k*(n), ne L, be defined by (6).
(a) Then, for every ¢ >0, we have
n+2

liminfn2"d,(k*)® ] |E—&,>0.

nelL y=1

lv—k*| =2

(b) With D,>0 from Lemma 4 it follows that for k* =k*(n)

[€er =M 1| 1Epr 1 = Hpr | = Dy d(k*),  forall nel. (7)
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Proof of Lemma 8. Let ¢>0 be given.

1. We first prove a corresponding estimate for a suitable sequence of
points x, € X}, where k=k(n), neL.
For the solutions X} ={x,, jel,} ={xy<--- <x), .} of B(n,1), neL,
we have by Lemma 5 and Lemma 7
lim a,(e/4)/n=0 and b(e) :=lim inf b,(e/4)/n > 0.
nel nel
We recall that for every ne L we denote by & the left end point of E”%,
where j, = ji(n) and I, =1,(n)={1, ..., n+2}\{}.
Thus, for each n e L sufficiently large, there exist at least b(¢) n/2 indices
/ among the indices 3 </<n—1 such that

1
’Ti |x’__x,|>) 1 1 J7
e U
v#EL
and
n+1 n+1
n |x}*é;|>ﬁ l_[ [x7— x5
-1 =1
W1H>2 WZHZZ

For all sufficiently large ne L we may therefore choose such an index
[=1I(n) such that |l/(n) — j,(n)| = b(¢) n/4. Using Lemma 1, we obtain that

|x;—¢&; | >D(e),  forall nel,

for some suitable D(¢) >0, depending on ¢ but not on ne L.

For every ne L we now define k =k(n), ne L, by Xy =X, €X,. It
follows that k(n)=I(n) if j;(n) > k(n) and k(n)=1In)+ 1 if j;(n) <k(n). In
particular, 3 <k(n)<n for all ne L and lim,, ., |k(n) — j,(n)| = co. Lemma
1 yields that for k=k(n) and I=1(n)

n+2 n+1

[T Ix—=&l=1x—=¢&1 I Ix—=<&|
v=1 v=1
[v—k|=2 lv—11=2
1 n+1
ZD(E)W [T |xi—x
=1
Wiﬂ>2
1 1 n+1
> D(e) 5 [T I~
n® | (X=X )= x50, ’
v#L

D)1 1 1 .
= C(‘;) YR 7 for all sufficiently large ne L.
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Since |k(n)—I(n)| <1, we get that for some suitable D(g) >0

n2 D) 1 1
P TREE T
1_[ |xk évl e dn(k)3 on

v=1
lv—k|l=2

for all sufficiently large nelL. (8)

2. Next, we show that the points x, € X} in (8) may be replaced by
the corresponding ¢, € EX, where k =k(n), ne L.

For the sequence k = k(n), ne L, defined in part 1, let p* and X* denote the
solution of B(n, k). We use the notation X5 ={y;, je .} ={y\ < - <y, 1}
to avoid confusion with the solutions X} ={x,, jel,} ={x\ < - <x),,,}
of B(n, 1).

The polynomial p* has exactly n—1 zeros {y, ... (o_1y Corgts s Cp in
[ ¥1, ¥i+1] which are ordered in the following way

N<G<P< - <Coo1 <V =Yi=Cr<Ciki1
Crr1=Vir1= Ve 1 <Ces1< - <Vu<lu<Vns1s

and there may exist one additional zero (o ¢ [y}, ¥, ] of pk.
We have max gk g,(x) pX(x) = —1, which implies that

1=|p% &) < |pé(x)|<M, forall xeE* and k=k(n), nelL.

Therefore, there exists some D > 0 such that

™ 1{|xk—go|}
=>—<— =D, forall nel. 9
U=z mie gl )

v=1
v#k'

Here, the factor in {---} appears only if p* has exact degree n. Since
3<k=k(n)<n, it is not difficult to check that {..-} is bounded away
from 0 by some positive constant, as n € L increases.

We shall prove that there exists some C> 0 such that for k =k(n)

n+2 n
|xk_év| |ék_é,v|
<C, forall nelL. (10)
vl;[] |ék_év| vU] |xk_€v|
v—k|l=2 V£

For the sake of shortness we will only consider the case j,(n)>k(n), i.e.,
k=k"
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"ﬁz | — ¢yl ﬂ [$—C, |
Sl

y=1 |ék_ v V=1|xk_Cv|
lv—Fk| =2 v#k

- fk|> < |xk—ék|>
1 ] ——
1]( e—e) LU=
"2 |xk—fk|> " < |xk_ék|>
| - kT K |+ kT Sk
< T () I (e

kiz Ixp — Crl (Ixpe =&l = 1€ — &, 1)
ye1 I(Sk— (X — G

<exp {

" e el (Ee— & — Pre—Gol)
D DI T

o | — &xel n [z — il . x5 — &gl . |z — il }
e =il X —Crrl [Ce—Cnprl 1Sk—Cnal

<exp

{k_z Xk — &l (=&l +16,— &1
S [(€x— &) (x =4

S DN T Foupy R o S

o e = Gl Uxe =&l +16, =601 kafkl}.

The crucial part here is to obtain control from below for the distances
| — &, | appearing in the denominators.
Since lim,, ., |k(n) — j,(n)| = oo, we have {k(n) — 2, k(n) — 1, k(n), k(n) + 1}
< I,(n) for all sufficiently large n € L. Thus, there exists a point of X and a zero
of ppin [&x_5, &1 [Xp—2, Xp—1] and in [ &, & o] D [xp, Xpyr -
Lemma 1 and Lemma 2(d) yield that for some suitable C >0

{ C2r2d (k) (d(k)+d,(v) C; d,k) }

<eXp 2 Z 2 +—

Dy o d,(k, v) D, d,(k,k+1)
v#Ek

<C, for all sufficiently large ne L.

We note that the case j,(n) > k(n) is somewhat more inconvenient to write
down but may be treated in exactly the same manner.
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With some suitable C >0 we have by (9), (10) and (8)

n+2 1 n+2
l—[ |fk_év|>7 1—[ |xk_év|
C
=1 =1
|v1k|>2 |v1k|>2

De) 1 1 1
>7 77)
C n?d (k)2

for all sufficiently large ne L.

By the definition of k* = k*(n), n e L, this implies the first part of Lemma 8.
The second part then follows immediately from Lemma 4, and Lemma 8§ is
proven.

We give some further properties of the sequence k* =k*(n), ne L.

LEMMA 9. For the solution X% ={x,, jel«} of B(n,k*) let L=
{1,y 42} \{ jix}, where k*—k*( ), ]k*—]k*(n) ne L. Then we have

limk*(n)=c0  and  lim [k*(n) — jus(n)| = o0

nelL nel

Proof of Lemma 9. 1. Let us assume that there exists a subsequence

!

L’ of L and some constant m € N such that
k*(n)<m for all nel'.

For the solutions p%™ and X%" = {x,, je [;+} = {x} < --- <x,,} of B(n, k*),
k*=k*(n), ne L', we then have by Lemma 1 and (7) in Lemma 8

H |Xk*_ 2 | X — Xpr 41| n |xk*_xj| l_[ |xk*—fj|
JE€Iix JE€Iix JE€Iix
j#k* J<k* J>k*+1
|Xk*
= [ Xpx— xk*+1| l_.[ | é| n |xk*_é_]|
j'GIk* - Jje€lix
J<k* ek k41
D m
>xk*_xk*+1|<c > H |xk*_éj|
1 J€Iix
JFEE* E*+1

D> [Xjex — Cpox 1] nt?
Il |xe==¢l
¢ | s — éjk* | =1 !
lj—k* >2

= [Xper — Xpex 41| <
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D\\" D,d,(k*) "2
B i B e

¢ |xk*_éjk* j=1
lj—k*| =2
D,\\" D,d (k*) "*2
:xk*_xk*+l|<c‘> ——— I =4l
1 j=
Uik4>2

since X« = &« according to Theorem 3. Choosing ¢ >0 from Lemma 3 and
£=0/2 in Lemma 8§, this contradicts Lemma 3.

2. Let us assume that there exists a subsequence L' of L and some
constant m e N such that

|[k*(n) — jee(n)| <m for all nel'
Then it follows that for some C >0 we have
[Cix — 15,1 < Cyd(K*, Jiw) < Cd\(K7), forall nel'.

For the sake of shortness we will only consider the case j,«(n) <k*(n).
Since &« =X+ and Ev | =X, 1, Lemma 3 and (7) yield

k*—2 n+2
[T 1e—ml T [&x—&l
j=1 Jj=k*+2
|Eher — 17,1 1
= K H |fk*_77j| n |£k*_éj|
[r — Mg —1 | |fk*—fk*+1|je1k. jel.
Jj<k* J>k*
|Eax — 115 1
< [T =2,
|@W_nﬂfd|éﬁ_€ﬂ+lbe% ’
J#k*
|Ehe — 11,1 1
= K ”]k* l_[ |xk*_.x]
|E e — s 1 | |xk*_xk*+1|jelk*

JAk*
cd(k*) ¢, 1 1
g —_— R
D, d(k*) n® d(k*)?2"

1 1 1

<SC——s— i '
\Cn‘5 4 ()2 2 for all sufficiently large neL’,

for some suitable C> 0.
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On the other hand, we have

k*—2 n+2

[T e—ml T 1=l

Jj=1 J=k*+2
k*—1 n+2
> ] =&l ] 1e—4l
j=2 J=k*+2
n+2

o — e |
1Sk T ke ] Erum &,
T I |

lj—k*| =2

D d k* n+2 .
2% ]_[ IErx — &1, for all sufficiently large nelL'.
i 52
Choosing ¢ =9J/2 in Lemma 8 we obtain a contradiction.

Hence, Lemma 9 is proved.

To complete the proof of our main Theorem 1 let p%™ and X" = {x;, je I;+}
={x} < --- <Xx), .} denote the solutions of B(n, k*), where k* =k*(n),ne L,
is defined in (6).

We recall that Jie = Liu(n) = {1, ., n+2}\{ jix}, Where jia= jis(n), ne L.

If j«(n)>k*(n), we put I=1In):=3. If j«(n)<k*(n), we choose /=
I(n) e {jes(n)+1, .., k*(n)—1} as small as possible such that

=&l 1

— k> forall I(n)< j<k*(n).
G172 )<

By Lemma 9 it is easy to check that

lim k*(n) —(n) = 0.

nel
Further, we have
max g,(x) p¥'(x)= —1 forall I(n)<j<k*(n),
E),
and therefore
min |p¥(x)| =1 forall I(n)<j<k*(n).
EJ

We consider |p**(y)| at the point y = y(n) = (1;x + En 4 1)/2, n€ L.
For every ne L let us define points y;= y,(n) € EJ, j € L1«(n), by

yi=yin):=¢, if ln)<j<k*(n),



UNBOUNDEDNESS OF LIPSCHITZ CONSTANTS 139
and
y;=y;(n) :=x;, for all other je I «(n).

By the sign structure of p%"(y;) and since |p%’(y,)|>1, the Lagrange
interpolation formula yields

. 1P (»)] 1
Ip’;(y)|=< Iy—yv|> -t
vgk* jezlk* ITveruves ly;i— vl 1y, =l

><ﬂ Iy—yv|> > 1 :

ve 1<j<k*HveIk.,vséj|yj_yv||yj_y|.

1. Since 1=|pX(&) <[P (»)| <M, it follows similarly to the
second part of the proof of Lemma 8§ that for some D >0

[T ly=»,02D [] I&er—n,l, for all sufficiently large nelL.

v E s v € lix
v#Ek* v#Ek*
We skip the computation and just note that
< I Ifk*—yv|>‘ Pu(y)

Vel |y—yv| pﬁ*(ék*)

v#k*

remains bounded, as n € L increases. Here, it is essential that by (7)

D .
|y = ls | ¥ — Epw 41| 27461,,(16*), for all sufficiently large ne L.

(11)
Thus, since yp« = &4+, we have
PO ED =l TT 1e—nil ¥ ! 1
" v el I<j<k* HVGIk*,v#jlyj_yv| |y]_y|

v#Ek*
-D Z nvelk*,v#k* |§k*_yv| |y_ék*|
I<j<k* nvelk*,v#j|éj_yv| |yj_y|

2. Next, we show that for some D >0

nvelk*,v#k* |£k*_yv| ZD dn(]) ,
nvelk*,v#j |éj_yv| dn(k*)

and all sufficiently large ne L.

for all I(n) < j<k*(n),
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By the definition of y; we have

HVEI o, VEK* |ék* - yv|
k
Hvelk*,vséj |é]_ yv|

_nvelk.,v#k* |ék*_év| <
Hvelk*,v#j |f]_iv|

[Sex— 2o 1€, =&,
vgk* |ék*_£v| |§j_yv|>

v<l

[ Ié,-—évl}
X{n Ee— &l 1E— 0l

v>k*

It is easy to check that each factor in (---) and { ...} is greater than or
equal to 1, and we obtain

]._[vel*,v#k* |ék*_yv| ]._.[vel*,v#k* |fk*_€v|
k > k
=
Hvelk*,v;éj |é]_yv| Hvelk.,v#j |é]_év|

Since

1=l 1

w2

=, forall I(n)< j<k*(n),
e, 2 /

and by the definition of k*, we get that for all ne L

Hvelk*,v#k* |§k*_ yv|
Hvelk*,v#j |éj_ yv|

> Hvelk*,v;ék* |€k* _év|
=
Hvelk*,v;éj |éj_év|

[(Eax = Cpr - 1)(Spr = Epr ) 1= G
(& =&-(G—=Cdl e =&

n+2 n+2 -1
X< H |ék*_év|>< 1_[ |£j_£v|>

v=1 v=1
lv—k*| =2 lv—jl=2

e = G )(Gar = S DI 1 i)
TG GGGl 24, (k)

forall I(n)<j<k*(n).
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Lemma 1 and (7) yield that for some D >0

Did,(k*)*1 d,(j)?
2 —

Cid,(j)* 2d,(k*)?
d,(J)
d,(k*)’

>D forall I(n)<j<k*(n),

and all sufficiently large ne L.
3. We now have that for some D >0

d,(J) 1y —Sasl

1pE"(») =D ,
l<jz<k* d,(k*) |y;— ¥l

for all sufficiently large ne L. By Lemma 1| and (11) we obtain
d(j) Dsd,(k*
>D z n(]*) 4 n(. )>X<
l<j<k* dn(k )2C1 dn(]sk )

_ Dy d,(J)
2(jl I<j<k* dn(js k*)’

for all sufficiently large nelL,
and Lemma 2(e) yields

D
;Dﬁ (D, log{k*(n)—1I(n)} — C,), for all sufficiently large ne L.
1

Since lim,, ., k*(n) — I(n) = oo, it follows that

lim | p3"(y)| = oo,

nel

which contradicts our principal assumption (3). Hence, Theorem 1 is
proven.

3. REMARK

For any subsequence L, where the number of sign components E., ..., E”™"
is exactly m(n)=n+2, ne L, we have proved that there exist polynomials
pn€P,, nelL, satisfying the assumptions of Theorem 2, and such that
lim, ., |p,. |l = c0. In this part of the proof only the alternation property of
the sign functions ¢, on E}, .., E»*2 was used and no further reference was
made to the fact that ¢, and E}, .., E"*? are induced by the error func-

tions £(x) — g*(f, x).
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Thus, we obtain the following technical Lemma that may be of interest
on its own.

LEMMA. For each neNg, let E.< ... <E"*% be arbitrary compact
subsets of [ —1, 1]. Further, for each ne Ny, let g, be a sign function on
U2 EZ such that

=1
on|E{‘=5n(_1)j, forall 1<j<n—|—2’

with some 6, € { —1, 1}, ne N.
Then there exist polynomials p, € P,,, n€ N, satisfying

—l<maxo,(x) p,(x)<1, forall 1<j<n+2,
£,

such that lim,,_, || p,| = oo.
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